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: t. INTRODUCTION -

1 order to solve the Navier-Stokes equalions, it is esseutial to have ai one's disposal
efficient numerical algorithms of solution of the lineas ¢convection-diffusion equations.
Indeed, despite its nonlinear nature, the solving of the Navier-Stokes equations can be
reduced to the solving of linear equations. Cousider the incompressible Navier-Stokes
equations jo vorticity-stream function (w, ) formulation in 2-D:

) %ﬁ-u‘;—:+u%—;—ym=ﬂ
A= —w

(3)=me

In order 1o solve this ayslem, a classical and widely used algotithm is the following. Let
{s", %, u™, u°) denate the approximation of {w, 1, u. v} at time nAt, [ LT
w*#1] is obtained by the solution of two linear boundary value problems and by the
camputation of a curk 3
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The solut.mn of the Navier-Stokes equations is thus reduced to the

jve solutions of

symmetric (A) and gousymmettic (convecuon diffusion} linear systems. More generally,

the jon.diffusion equati

o) = @ +aac + 6%9 —uAC f

plays an important role in numersus physical phenomena. Tt models the transport of

" a quantity € along a veclot field (g,) and its diffusion, proportional to a viscosity

ooefficient #. In fiuid dypamics, for instance, ' may be the concentration of a dye or of
& pollutant in water (ziver, sea, estuary, ...} or air {plume of smoke, ...}

We consider hete the numerical solution on parallel computers { MIMD, Multiple ln-
steuction Multiple Dala) of the linear systems arising from the discretization of the
canvection-diffusion equation. These computers are new and present many interesting
features. They are made up of many processors called nodes Jinked together by a com-
mupication network. -Each node is a computer by itself in the sense where it has its

~own direct access memory. Each node can host its own program possibly distinet from-
the ones of the other rodes, The nodes can work concurzently. They communicate with

each other thanks to messages they can send and receive. These messages can be used

- to synchronize the nodes and to sénd and recsive data. The programming Janguage is

Fartran 77 or C except for the orders corresponding io the sending and receiving of
messages [eg. csend, aecv). These machines are potentially very powerful. The bene-
fits in terms of memory is obvious. In order to have an actual speed of computation
clage to the optimum-(speed of a processor x nbr of processore) it is necessary to have

Lalgotithms fitted to parallel machines. .

Domain decompasition methods séem a natural and promising approach. Many
wotks have been devoted Lo symmetric sysiems and have led to efficient methods, The.

 distretization of the convecti vdiﬁ'usionequation leads to non symmetric linear systems
of ti For 2 large vi

ty, the algorithms designed for symmetric system: can
be used and perform well. Nevertheless, for convection dominated flows (emall viscos-
ity}, these methods perform poorly and there are few theoretical results, 1o this work,
we present a method based on the use of artificial boundary condmons Indeed, the
rate of convergence of domain d ition methods is very semsitive to the choice of
the interface conditions. The ongxnal ‘Schwatz method is based on the use of Dirichlet
boundary eanditions. In order to increase the efficiency of the.algorithm, it has been
proposed o replace the Dirichlet boundary conditions with more general boundary-con-
ditions, see Lions (1989}. In the usval, Schur methed, Dirichlet and Neumann boundary
comditions ave used. Tn Hagatrom, Tewarson and Jazcilevich (1988), they are replaced
with artificial boundary conditions, More generally, it has been remarked that absorb-
img {or artificial} bourndary* conditions are a good choice (see, Hagstrom, Tewarson and
Jazcilevich, 1988; Despres, 1991; Nataf, 1992; Givois, 1992, where such boundary con-
ditions are used). In this report, we partjally d‘ﬂrlfy this question.

Tn § 2.1, we set the problem to be solved and reformulate it as a probIem ‘whose
unknowns are functiops from the boundaries of the subdomains to R, In § 2.2, we

take as interface conditions exact artificial boundary conditions {ABC). We show t.hnt .

GUMRES and BICGSTAB algorithms converge in a number of steps equal to the number

of subdomains minus one. These exact ABC are difficult to vse and we ontline in § 2.3

Je8

how to approximate them by partial differential operators. In § 3, we show numerical
sesults,

o2 DOMAﬁ\T DECOMFPOSITION METHOD FOR. THE CONVECTION-

DIFFUSION EQUATION

2.1. Reformulation of the problem

For sake of simplicity, we consider the ¢ diffusion equation st

on the whole plane R%:

Llw)=Jin R R 1)
’ (22)

where f is a given function. The plane is decomposed itito ¥ vertical strips with or
without overlap. We have R* = UY {); where £ =J§, Li[xR. In_thia §, we write an
equivalent form of problem (2.1} where the unknowns ave functions defined on the
boundaries of the subdommns Let By, B. - be opemwrs 30 that the following BVP are
well—posed .

£(z}. = fiin ﬂ; )
Biyv) = gyon{} xR . @a)
Bi(v) = giron {L}xR

for any functions fy, gir and g,.. We define the operator S; by
v = Silgingir £

It is clear that the knowledge of 8;)(t), B;,(x), 1 € § £ N enables to recover the value
of u by solvinig the BVPs (2.3). Let us denote ff the 2(N —1)-tuple (By(k)... ., Buplu},
Byg(u)ye s Buore(u)). It o poss:bie 1o wri’:e a linear, system for H. Indeed we have

for Bu(u)
Bir(u) = BigSica(Bira(v); s.-,,(ul m
"= Bl Sica(Beorale), Bioa o (2),0)) + Bial 5i-{0,0, g

and for 8;.{u) a similar relation. It is thus possible to define & linear operator T so
that the previous linear system writes in a cornpact form:

C (Id-TYH) = 2.4

where G can be easily computed and depends on f. When there isno ovetlap, system
(2.4) is well-posed aud when there j is no ‘overlap, one needs the exira condition that

Bir — Bisyy is invertible. -

. 2.2, Choice of the interface conditions

The principle of suhstmd.urmg methods (also c.a]ied Schur mel.hods) is to salve
{2.4) with conjugate jradient like methods as GMRES or BICGSTAB. The speed of
convergence will of course depend on ‘T and thus on the choice of the-inletface conditions
By and B;,. We conmder here the case where we take for By and B,, (resp B; ;} exact
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‘Together this gives

arlificial boundary conditions which are defined by By, = B, — Ay (reop. By = —8:— A)
where A;y is the Dirichlet to Neumann operalor of the right [resp. left] hall-plans
1Li cof =R {resp. | — co,k[xR). Then it can be seen that T is nilpotent operator of
grder N = 1, T¥-1 = 0 {see Nataf, Rogier and de Starler, 1994). We deduce from this

" that GMRES and BICGSTAB methods applied to {2.4) will converge in N — 1 steps

while [2.4) is an infinite dimensional system. This shows that exact arificial boundary
conditions are 3 very good choice as interface conditions. .
Indeed, let H" be the initial approximation to the solution to (2.4). Let vg = G -

{Id — T){H") be the inilial residual. We seek for & such that B = H®+ f fe £

satisfies:

(fd = THH} = ro . .
The GMRES method mintmizes the residual norm over the Krylov space K"(fd —

T, ro) = span{ro, {fd = Tirp,... (Id = T)" 'ro}. Cleasly, B e K¥-1d—T),ro} 50
that N — | jlerations ate necessary for the solutien of {2.4). Thus, we have just proved

Proposition 2.1. The GMRES elgerithm app]'ieu"ta;: (2.4} converges in of most
N —1 steps. |
Let us now consider the convergence of Bi-GGSTAB Van der Vorst (1992) for the .
solution of the linear system {2.4). We shall sce that .

Proposition 2.2, ff thenﬂ.: is ne breakdevin of Bi-CGSTAB, we heve convergence

_of Bi-CGSTAB applied to (2.4} in of most N - ] steps.
- Because Pi-CGSTAB is based on BiCG (Fletcher, 1978) we will first disenss the conver-

gence of BiCG, We choose some 7o # 0, (for example fo = rg). Now the BiCG algorithm

generates two sequences of polyomisle, the residuals vy = P{ld — T)ra:

B PR PR TREN

and # = B{(Id - TV )g:
Fo. 15700 _ o

where F; indicates a polynomial of degree {. These sequences satiefy the following rela-

tions (Fletcher, 1976): '

i, =0 iy ' {2.5)

T
i # 0 - (2.6)

I£ 77 = 0 then BiCG would break down, but we will not discuss this probles here. For
the residusls we have r; = Filfd — T)ro € span{ro,(Id - T)re,(1d — TPrg,o {Id -
T¥rp} = KH{Id = T,rq), and fusthermore we have EH{(Td—T),ro) = KT, o).

7 € KT, r) _ o en

Proposition 2.3, Lei{ro,m,... et} be independent and i € apan{rg,r1,... Fishs

then ry, = and BiCG converges in & sleps.

Allhough being similar, this property differs from the finite termination properties
for BiGG (Fletcher, 1976}, for CG if the operalor is'a Jow sank perturhation of the
identity, which leads, as in this case, 1o convergence in a number of steps equal to
the rank of the perturbation {Golub and Van Loan, 1989}, and for GMRES Saad and

.

Schultz (1986). In these other cases, the residual is necessarily zero because it is both an
] t of 2nd crthogonal to the same space, whereas the present property is derived

from the residual belng.an element of one space and orthogonal to another, in principle

cempleiely different space, . '

Proof: Fer ry we have the following two relations:

re € spanfro,riy...,te} (2.8
re L span{io ...\ Fra} (29)

Bo (2.8) implies r, = Thl iy, and then (2.9) gives

k1

5 2 o - =
Vii0g; Sk—l:r}(icm) =06 Y afin=0
. : £ i=0
Together with (2.5) this leads to-
Vit0R i k—~1iegfir =10,

which means, using (2.6), that a; =0, 0 < § £k — 1. Therefore we have

ry =0,

. and hence BiC'G has converged.

Proposition 2.4, For the Yinear system defined in (£.4) BiCG will converge in of
most N ~ 1 sterations if there is no freakdown. :

Proof: From TV~ = 0, we con derive that K¥(T,rp) = KV

¥ : o) = [Ty ro). Togather
with (‘2".-.’) thiz leads o riog € KNY T rq), o that ry; € Spﬂﬂ{fn,‘rl,...,rﬂ'_z}v
Propos!tlc_ln 2.3. then' proves that #x_y =1, and therefore BiCG has converged. O
Note that if the et {ro,ri,... 1¥x} becomes dependent before &k = N — 1" BiCG wili
have convergéd as well, : ;
it i‘s not, difEmJ]t to see that if the BiCG-residual rpy = 0, then aleo the Bi-CGSTAB-
residual 7% = 0. Bi-CGSTAB constructs its residual ##% cuch asto be a polynomial

Cof E]:IQ form b = Q,(Jd — M}Pi{Id — Mro, where Pi(fd — Mro is stil the BiCG-
* residual {Van der Vorst, 1992}, So that, if the BiCG-residual #; = Pi{id — Tirp = 0,

then also rf**".= 0, and Bi-CGSTAB will have converged as well. *

" Assuming that the norm of TV~2G s sufficiently large, the equality # = T¥=? Tig
also indicates that GMRES cannot solve the set of equations {24} in less it‘:re;tions
th_nn BiCG (however with hall the number of matrix vector products),

2.3, ;\ppwximte artificial _bound-ary conditi.uns and DDM

‘We havF seen that exact artificial boundary conditions lead to very interesting con-
vergence properlies. Unfortunately, they ate difficult to use in a code. Indeed, operators
Aiy or 1 a2 not partial differential operators. Moredver, in. general, we do not have an
explicil form of these operators. Nevertheless, it is usually possible to approximate them

“by pariial differential operalors as it s done for approximating exact arlificial bound-

ary conditions (see‘e.g‘ Engguist and Majda, 1977, 1979). In this section, we explain
hcw‘l.-hes:: exa.cf..art.:ﬁcial boundary conditions are approximated by local operators {i.e.
partial dtﬁ'arepl_mi aperalors). This enables us to write a Schur type formulation for an
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arbitrary decomposition of the & zod to the restriction of a decomposition
into vertical strips. In § 3, thia strategy is apphed to the convection-diffusion op
and nunerical results are sbuwn

Anianin L~

Our goal is to appmxlmate at some pom?. %o of the boundary of a subdomam the

operators A;. ori by partial differential operators. jn osder to be able to follow the
. strategy developed in Engquist and Majda (1977), we assute that the cocfficients of
the operator £ vary slowly so that they can be approximated by their values at 5. By
making vse of the Fourier transform with respect to the tangential variable, we obtsin
an approximation of A. ¢r | in the form of a convolution operater, This operator Js
itsell approximated by a partial differential-operator by approximating its symbol by a
polynomial {for more details, see Nataf and Rogier, 1995; Nataf, 1993). Ip some cases,
it is possible to make less restrictive assumptions (see e.g, in the context of absorbing
boundary conditions or of paraxial approximations Bamberger, Engquist, Balpetn and
- Joly, 1988a, 1988b; Lohéac, 1991; Nataf, Rogler and de Sturler, 1994; Halpem and
Rauch, 1993).

We want to write syslem analogous to system (2.4) but based on the approximate
ABC. Since these operators are local, we are n6t restricted any more.to decompositions
. into vestical strips, We will thus obtain a substructuring formalation which can be
_ solved by conjugate gradient like methods. The resulting algorithm is what we call a
Schur type algorithm {or substructurieg methods).

Let 2 be a bounded open set of R*. Let fli,¢iew be a finite sequence of sets
embedded in R such that ! = UM (k. Let T = a0, Ii = 8% ~ I'. The outward
normal from f); is &; and 7 is a tangential unit vector. Let us denote by By, 1<ign the

approximations to the exact ABC. Since the aperators B; are local, the subseripl r or !

is meaningless and will not be used here. We assume the operatots B;1¢icn to lead
to well pogsed boundary value problems {see below BVP (2,10)). We assign to each
~ subdomain ¢ an operator S Let f be a function from {; to R and A 8 function from
. TitoR, Si(k, f,q) is the solution v of the following boundary value problem:

L) =S(=), =efh _
¢(v) = h(t)‘ 2 €l; . (2.10)

Y = efz) acdnnl
= caoLyny

21+
v S\=h

In order to take multiple overlaps inlo account, we inttoduce a sequence (nf), 1 < <N,

1.£ j € N,i # j of functions deficged on the boundaries of the subdothains which satisfy:
A oy — 10.1] o
i) n! =0on % —

ifi) Zme-fl’(t) = lr LYt
Remark 2.5. 5/ is zero if 3,00 = 0.

it is now poasible to write a substructuring formulation. Let u be the solution to

(2.1) and u; = ;. We write a system for B;(w;):
Buw) = Z V‘B ()= 2 9384(”:)

px Jgi

= £ TBASHBi{u5), fin,9))
= 3 w8450, S M + z '133_(51(3 (03,0, o)) )

Pt

an

Jacobi: |

Thus, (3;(«;}),5;S~'solm -the\fullwing linear system:

Bilw)— T wiBi(Si(Bi(u;)0,0)) = gﬁmt&-w. Ja, o) LEig N f211)
FoFi X id .

Let H = (H‘)IS"SN and G = (G‘)1S"S" be the vectors

51(”4) 1 E)Jf) ’hBl(s (0, flﬂpg))
H= ; and G=
Bulun)§ Lisan m’vﬂwisi(ﬂy Fio;:90)

and 7 be the linear operator defined by
I Ziam ﬂ{Bl(S (8;(1,),0,0))
T(H}=
_ Tigen BN(SJ(B:'("I):-O- N
Systgin {(2.11} may now be writlen in the following compact, form:
(He-7)H) =G (212)
We consider three algonlhms for (he solution of (2. 12). GMRES BiCGSTAB. apd

HY =T+ 6

The Jast algorithm corresponds fo the additive Schwatz method. Since the operator
T is o longer nilpotent, the Schwarz method should nob converge in 2 finite number
of steps. GMRES and BiCGSTARB (except if breakdown o¢curs) always converge ina
finite number of steps (ignoring round—oﬁ' errors) for a finite dimensional problem.

3. NUMERICAL RESULTS FOR THE CONVECTION-DIFFUSION
EQUATION

We apply the strategy aélaine’d above Lo the convec{ion-diﬂusion equation. Let
L= _“"‘c("vy)a +5f$»v)3 (3.1)

where & = (6, b) is the velocity field, v is the visoosity. Al is a consiant which could cot-
respond for instance to a time siep for a backward- Euler scheme for the time dependent

convection-diffusion equation.
For a subdomain §;, the approximations to the exact ABC obtained using the

method outlined in § 2.3 read 2s follows (& is the velocity field (e, 8), 7} i the outward
normal fmm ) and % is a tangential unit vector on 80 ):

g 2 EECJEANEE )

on: 2v

) aa; - 1/(0 R4 &, - d.g; a .
=— = N m)g ey «» a7

of

A
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where the superscript depotes the arder of the approximation, for more details see Nataf
and Rogier (1995}, Nataf (1993). The boundary conditions 87 “F # are far field bound
ary conditions (also called Outflow B.C., Absorbing B.C., Artificiai B.C., Radistion
B.C.,..., sec Engquist and Majda, 1977; Halpern, 1086).

al test problem to illustrate the validity of the method, We

We yse a two-di
salve the following problem: .
fexgl, 0p<l

=& talz,p) e+ Hz) B —vdu=0,
s{l,pl=1, <p<l
£u(, 1)_n 0ol
oyl

The upe-mku £ is discretized by a standard upwind finite difference scheme of order
1 (see Fletcher {1901]) and B; 1gren by 2 finite difference appregimation. We uzed-a
rectangular finite difference grid. The mesh cize is denoted by k. The unit square is
decompesed into overlapping rectangles. The resulting discretization of system {2,12)

is denotad by:

{Id — TR)(Hn) = Gy (3.9)
The test problem has besn implemented at ONERA on an [P5CSS0.
Remark SG Any other discretization could be used as well,
From the definition of Ty, we see that the computation of T, applied to some vector
H, amounts to the solution of N independent boundary value subproblems {one sub-

blomain) which can be solved in parailel. We bave considered three
- to solve (3.3): GMRES(co), Bi-CGSTAR and & Jacebi algorithm:

HPY = TlHD) + Gr ) ' {2.4)

which corresponds to an addilive Schwarz method {ASM) whose convergence in the

continuous case has been stodied in Nataf and Rogier {1995) for ootflow boundary
,conditic
In tables | and 2, we give the number of subproblems sclved so that the maximum

of the error is smalier than 107% Gne ileration of GMHER50) or of ASKY' counts 167
computing Lhe solution for each subdomain once ard one iteration of BICGSTAB ceunts
for computing the solution for each subdomain twice. In the tables, Id corrssponds to the
use of Td as interface condition (Dirichlet problemms), The tests include the case B; = Id
sinee it correspends Lo the classical Schwarz method when the Jacobi algorithm is vsed.

The results in Table 1 were ebtained using the foliowing parameters:
8 x 1 subdomains, 21 x 120 points in each subdomain, overlap = 2k, v = 0.1, Al = 10,

a=y b=0

Table 1: Computationzl cost vs. interface conditions and solvers

S -”CIHB \m"J
58 Bl
38 23

IE:_ T *__ % o]

114

E

The results in Table 2 were obtained vsing Lhe follawing parameters:
41 x 4 subdomains, 35 x 35 pointe in each-subdomain, overlep = 24, v = 0.1, At=1,
a=yd=0

Table 2: Computational cost ve. intesface conditions sad solvers

'_Eoum:'a:"y Cond | ASM | Bi-CGSTAR | GMRES

1 | 479 | [ 50
B 27 22 19
B 6

[ & &% | % [ 3% |

The use of outflow boundaty conditions leads to a significant improvement whatevet
itterative solver is used. Bi-CGSTAB and GMRES give similar resulte with an advantage
10 GMRES in lerms of computatiopal cost and to BiCGSTAB i terms of storage
reequirements, since anly two directions have to be stored. N
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A REGULARIZING PROPERTY OF ROTHE'S METHOD TO THE

NAVIER-STOKES EGQUATIONS - ’

Reimund Rauimanng

Universitit Paderbom, Fachbereich Mathematil-Informatik,
Warburger Ste. 100, D-33098 Paderbora, Germany

INTRODUCTION

"The fixst order sermi-disctete scheme introdhiced by Rothe (1930) approximates evo-
lution problems by a seq of boundary value problems for some resolvent equation,
which have to be solved step by step, In case of the Navier-Stokes evalution equation -
the resolvent equation of some suitzble linearization has the tegularization properties
of second order elliptic systems {of coutse,in dependence on the step length]. Therefore
on & hounded domain -C IR?, the convergence of Rothe's scheme in L2(0)) 2nd its
boundedness in #7(R2) implies its convergence even in H {82} for any r € [2,00), a5
we will sce below, Since we have established £2-con and H%:-bounded for
even H™-convergence) in Rautmann (1993b, 1893¢) tinder suitable assumpticns, our
result in this note is boundedness and convergence of Rothe's scheme in () for il
r&[2,o0) . ; : ,

We will show elsewhere that our result also applies in the study of more refined
scliemes of the product formula type. Namely, convergence proofs for such gchemes de-
pend on 13- bounds for the flow velocity which follow from A -bounds if-r > 3 by

‘Sobalev’s imbedding theorem. Product formuls approximetions have firstly been pro-

pesed in Chorin (1973}, Chorin, Hughes, Mc Cracken and Marsden {1978}, Pironncau

~. (1982), in order to overcome the destabilizing effect of the nonlineat transport term in

the Navier-Stokes equation by the stabilizing influence of ita elliptic part. Since then
similar schemes have been studied by several authors, see the references in the recent
publications Beale and Greengard (1992} and Rautmann and Masuda {1994), where
explicit convergence rates for different splitting schemes of this type have been proved,

Having expliined the notations in Section 1 we formolate our result in Theorem

.1:2. For a linearized Rothe scheme introduced in Section 2, in Section 3 we establish £9-

bounds for its right band side by means of a former result on X?-boundedness {which

. we.have recalled in Theorem 1.1 of Section 1). From this in' Section 4 we find the

exislence of Rothe approximations.in !{"7. Then due to Sclonnikov, Miyakawa, Ciga

ond Related Nonfiy Prodlemy -
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