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Abstract: In the usual implementation of GMRES(m) [3} the
computationally most expensive part is the Modified Gram-
Schmidt process (MGS). It is obvious, that the MGS process
is not well parallelizable on distributed memory multiproces-
sors, since tbe inner products act as synchronization points and
thus require communication that cannot be overlapped. Fur-
thermore, as all orthogonalizations must be done sequentially,
MGS generates a large number of short messages, which is rel-
atively expensive. Especially on large processor grids the time
spent in communication in the MGS process may be significant.
For this reason a variant of the usual GMRES(m) algorithm
is considered, called modGMRES(m), which first generates the
vectors that span the Krylov space and then combines the MGS
steps for a group of vectors. It is shown, on real world prob-
lems, that the modGMRES(m) method can yield a considerable
gain in time per iteration. Numerical experience suggests that
,the total number of iterations remains about the same as for

GMRES(m).
, Introduction
As described in [2} at SHELL's KSEPL the reservoir simulator

Bosim has been parallelized on a Meiko Computing Surface, a
transputer based parallel computer. The parallelization is based
on a 2-D domain decomposition, where the reservoir is divided
among a 2-D grid of processors, in addition there is a master
processor, which handles the initialization and input/output. In
Parallel Bosim the largest part of the computation is done in
Fortran. On each processor, the Fortran program runs in par-
allel with an Occam process. The Occam processes on different
processors form a harness that takes care of the communication.
When Fortran on a processor has to communicate, it sends the
data to the lo<;a.LQccam process and then continues until its next
communication. Meanwhile, the Occam processes concurrently
take care of the communication and see to it that the data is
returned to Fortran on the receiving processor(s). In this way
communication and computation can be overlapped. Within this
Parallel Bosim package the GMRES(m) and modGMRES(m)
method were implemented and compared. In Bosim the conver-
gence in the linear solver is checked by a separate routine, which
needs the residual vector. Therefore the convergence in the lin-
ear solver is only checked after each complete (mod)GMRES(m)
cycle.

The modGMRES(m) method
Let Ax = b be the preconditioned system, and let r = b - Ax

be the residual. Let VI be the normalized residual, then from 111
a suitable set of vectors V2,"', Um+1 , which span the Krylov
space, is generated (see below). Then in the MGS process these
,vectors are orthogonalized. Because the Krylov space is gener-
ated in a different way, the Hessenberg matrix Hm+1 = VT AV
must be computed from the coefficients of the MGS process,
where V is the matrix [Vb V2,"', Vm+1J. The rest of the method
is analogous to the GMRES(m) method. See however also [1].

In the MGS process the vectors V" U2,. . . ,Um+l are orthog-
lonalized in the following steps:
!1. orthogonalize V2. . . . . Um+l on Vlo normalize U2. which J!:ives V2
12. orthogonalizc V3, . . . ,VmH on V2, normalize V3, which gives V3
I:

1Each step can be done block wise, because the orthogonaliza-

, ,
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Itions in one step are aU independent. As the innerproducts
computed on each processor are strictly local, these local coeffi-
cients must be accumulated over the processor grid to compute
the global coefficients. This is done blockwise by the routines

[3] the accs(array,len), which sends the array to Occam and returns
Gram- so that Fortran can continue, while Occam pefforms the actual
)rocess accumulation in parallel, and accr(array,len), which receives
)roces- the accumulated values from Occam. The MGS process is im-
Its and plemented as follows (locally on each processor):

. Fur- do i = 1 m - 1
r1~iaUy, nbl'= max(l, (m - i)/2)

IS rel- do k = i i + nbl - 1. ,
e time h(k i ) = vTv
'fi " k+1
I ~ant. accs(h(i,i),nbl)
c>nthm do k = i + nbl, m - 1 [concurrent withJ
les the h( k, i) = vT Vk+1 [ accumulation J
~ MGS accr(h(i, i), nbl)
I prob- h( ' ")Vi+! = Vi+1 - 1,1 * Vi
lerable hem .) - VT V." - i+l ,+1
ls that accs(h(i + nbl, i), m - i - nbl + 1)
as for do k = i + I, i + nbl - 1 [concurrent withJ

Vk+1 = Vk+! - h(k, i) * Vi [ accumulation J
accr(h(i + nbl, i),m - i - nbl + 1)

mlator do k = i + nbl, m - 1
face a Vk+1 = Vk+! - h(k, i) * Vi

I b~ed h(i,i + 1) = sqrt(h(m,i))
iivided Vi+l = h( i, i + 1 t 1 * Vi+!

master In this implementation communication is mostly overlapped and
put. ~n also time is saved by combining small messages, corresponding
lone In f th Ii t. . I ' ' h' h0 to one group 0 or ogona za Ions, In one arge message, w lC
~~ par- saves startup times and Fortran-Occam communication.
I ez:ent The generation of the vectors, that span the Krylov space,

c;tl~n. can be handled in two ways, If the condition number of the
1 s t Ie preconditioned system is sufficiently small and m is also rela-
ts netxl t tively small (e.g. 10 or 20), the vectors can be generated as

rren y A A2 Am h A ' th d' o. d .d t' VI! Vh VI! " . , VI! were IS e precon Itlone matnx;,a a IS 'this will be referred to as version 1. However for larger m and/or

I~S ~~y a preconditioned matrix A with a large condition number, the
~;~ u) matrix [VlI AVI! .,', AmVIJ will be so poorly conditioned that

m orthogonalization with the MGS algorithm will not produce a

con~~;- .set of sufficiently orthogonal Vi and consequently will result in
'hw I~c I Ian inaccurate representation of lIm+1' Therefore the Vi might
t e In- ~
lES(m) be ~enerated as follows:

do t = 1, m
Vi+! = Vi - diAvi, (VI = VI)

b - Ax where the di are parameters, which should be chosen in such a
way that the condition number of the matrix [Vb V2,.." Vm+lJ

r~~ml VI 'is sufficiently small, This will be referred to as version 2, The
ry ov computation of the di can be based, for example, on the eigen-

;s these values of 11m+!, The exact computation of these parameters is
; gener- h ' d h f th OyT A Y owever outSI e t e scope 0 IS paper.

Jrocess, Computational and Communication
method Costs of GMRES(m) and modGMRES(m)
,So [IJ. The total computational costs will be expressed in terms of the

orthog- timings of the main computational kernels. The computational
costs for GMRES(m) on each processor are given by:

.. . .

~(m2 + 3m)Tddol + ~(m2 + 3m)Td4ZPY +

(m + 1)Tdoc4/ + (m + 1)7:"41 +

(m + 1 )Tprcc + T/incon

C;::'r.. =

(1)



~(m2 + 3m)Tddot + ~(m2 + 3m)Td"~1I +

(m + l)Tdacat + (m + l)Tmat +

(m,+ l)Tprec + Tuneon + Theu(m)

C:gm,l

and for version 2 by:

~(m2 + 3m)Tclclot + ~(m2 + 5m)Tdarpy +C'::gm,2=
(m + 1)Td6cIII + (m + l)Tmllt +

(m + 1 )Tprec + 7iincon + Thou ( m )

where lincon is the routine that checks whether convergence is
reached and hess is the routine that computes Hm+iin modGM-
RES(m). The communication costs for GMRES(m) are given
by:

C;:::m = ~(m2 + 3m)T4cc.um (4)

where accsum is a Fortran routine that sends one number
to Occam, waits for Occam to accumulate the values over the
processor grid and receives back the global result. The commu-
nication costs for modGMRES(m) are given by:

C~m = 2mT4cc. + 2mT4cCT + TO1Jh(m) + T"oc (5)C~m

1 2
2mTc + 2m TcpnTouh(m) =

where TotJh indicates the time overhead measured in the daxpy's
and ddot's which overlap the accumulation, Tc is some constant
time and Tcpn gives a time increase per number. Tno.: indicates
the cost of non-overlapped communication/accumulation.

Results
The GMRES(m) and the modGMRES(m) method were com-

pared simulating a real reservoir for a large number of iterations.
As the simula,ti9.Q.had to be done on a fairly small machine (1
master and 24 gridnodes), whereas the modGMRES(m) method
will only be really advantageous on a relatively large processor
grid, involving 100 or more processors, a small reservoir was
simulated on a 1D (line) processor grid. This gives 24 communi-
cation steps for accumulating a distributed value over the grid,
which compares to a processor grid of some 150 processors. The
number of unknowns in this problem was 2138, which gave a
maximum of 105 unknowns on a processor. With an average of
some 90 unknowns per processor and 150 processqrs this com-
pares to a reservoir with about 13500 (active) gridblocks, which
is a medium scale reservoir model. This produced the following
average timings on the busiest processor:

Inserting these timings in (1) and (4).forGMRES(m), in (2), (5)
and (6) for modGMRES(m) version 1, for m = 10 or 20, and. in
(3), (5) and (6) for modGMRES(m) version 2, for m = 50, leads
to the following tables:

(2)

(3)

These theoretical efficiency figures are based upon the model de-
scribed above, with 13500 grid blocks, a processor grid of 150
processors and one master processor. The number of commu-
nication steps for accumulating a distributed value is 24 and
the maximum number of blocks on a processor is 105. FUrther-
more communication costs, other than in the global accumu-
lation of distributed values, are neglegible. For GMRES(10),
nMHR~(?ot mnc1GMRES(}O) and modGMRES(20) the overall,--,, ,- , , ,
timings were also determined experimentally on the busiest pro-
cessor, which leads to the following table, containing the average
time per iteration:

(6)

From these tables it is obvious that the modGMRES(m) method
can yield a. substantial improvement in time per iteration. FUr-
thermore, for these simulations, there was no difference in the
total number of iterations between GMRES(m) and modGM-
RES(m). With respect to the (theoretical) parallel efficiency,
it can be seen that, for increasing m, the decrease in efficiency
of modGMRES(m) is much less than for GMRES(m). This is
exPlained by the fact, that the communication costs increase ex-
ponentially with m, and these are much higher for GMRES(m)
than for modGMRES(m).
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