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Abstract; In the usual implementation of GMRES(m (3] the
computationally most expensive part is the Modifier Gram-
Schmidt process (MGS). It is obvious, that the MG process
is not well parallelizable on distributed memory muliproces-
sors, since the inner products act as synchronization pints and
thus require communication that cannot be overlappd. Fur-
thermore, as all orthogonalizations must be done seqentially,
MGS generates a large number of short messages, whih is rel-
atively expensive. Especially on large processor grids he time
‘spent in communication in the MGS process may be sipificant.
For this reason a variant of the usual GMRES(m) agorithm
is considered, called modGMRES(m), which first geneates the
vectors that span the Krylov space and then combines he MGS
steps for a group of vectors. It is shown, on real woid prob-
lems, that the modGMRES(m) method can yield a coniderable
gain in time per iteration. Numerical experience suggsts that
the total number of iterations remains about the sare as for

GMRES(m).

: Introduction

As described in [2] at SHELL’s KSEPL the reservoir smulator
Bosim has been parallelized on a Meiko Computing Sirface, a
transputer based parallel computer. The parallelizatioris based
on a 2-D domain decomposition, where the reservoir i divided
among a 2-D grid of processors, in addition there is . master
processor, which handles the initialization and input/otput. In
Parallel Bosim the largest part of the computation itdone in
Fortran. On each processor, the Fortran program rur in par-
allel with an Occam process. The Occam processes onlifferent
processors form a harness that takes care of the commuiication.
When Fortran on a processor has to communicate, it snds the

data to the local Occam process and then continues unt its next
communication. Meanwhile, the Occam processes conurrently

take care of the communication and see to it that th data'is
returned to Fortran on the receiving processor(s). In his way
communication and computation can be overlapped. W:hin this
Parallel Bosim package the GMRES(m) and modGMNRES(m)
method were implemented and compared. In Bosim tk conver-
gence in the linear solver is checked by a separate routi 2, which
needs the residual vector. Therefore the convergence i the lin-
ear solver is only checked after each complete (mod)G)RES(m)
cycle,

The modGMRES(m) method

Let Az = b be the preconditioned system, and let r & — Az
be the residual. Let vy be the normalized residual, the from v,
a suitable set of vectors ¥y,...,%mn41 , which span t| Krylov
space, is generated (see below). Then in the MGS pro ss these
vectors are orthogonalized. Because the Krylov space s gener-
ated in a diffefent way, the Hessenberg matrix Hpny VTAV
must be computed from the coefficients of the MG! process,
where V is the matrix {vy,vs,...,Vm41}. The rest of t! method
is analogous to the GMRES(m) method. See however Iso {1].

In the MGS process the vectors vy, 1s,...,5m41 a orthog-
onalized in the following steps:
1. orthogonalize 0y, ...,9,41 on vy, normalize 9y, whicn fives v,
52. orthogonalize d3,...,0n41 On vy, normalize 03, which gives vy

%Each step can be done blockwise, because the orthogonaliza-
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itions in one step are all independent. As the innerproducts
computed on each processor are strictly local, these local coeff-
cients must be accumulated over the processor grid to compute
the global coefficients.. This is done blockwise by the routines

accs(array,len), which sends the array to Occam and returns
so that Fortran can continue, while Occam performs the actual

accurnulation in parallel, and acer(array,len), which receives
the accumulated values from Occam. The MGS process is im-
plemented as follows (locally on each processor):

doi=1m-1
nbl = maz(1,(m —1)/2)
dok=1i+4nbl-1
h(k,i) = U.'TUI:H
aces(h(Z,1),nbl)
dok=1i¢-+nbl,m-—1
h(k") = v?”k{»l
acer(h(i,1),nbl)
Vil = Vigy — h(iai) * Uy
h(m,i) = v,-'ilv,-“
accs(h(i + nblyi),m —i —nbl+1)
dok=1i+1,i+nbl -1 [concurrent with]
Upr = Vg — Rk, 1) * v; { accumulation |
acer(h(i + nbl,i),m —{ — nbl +1)
dok=7i+nblm-1
Vpr = Upgr — h(k,3) * v;
h(i,i + 1) = sgri(h(m,1))
Vi1 = h(i,i -+ 1)-‘ * Vg1

{concurrent with]
{ accumulation |

In this implementation communication is mostly overlapped and
also time is saved by combining small messages, corresponding
to one group of orthogonalizations, in one large message, which
saves startup times and Fortran-Occam communication.

The generation of the vectors, that span the Krylov space,
can be handled in two ways. If the condition number of the
preconditioned system is sufficiently small and m is also rela-
tively small (e.g. 10 or 20), the vectors can be generated as
vy, Avy, A%y, ..., A™vy, where A is the preconditioned matrix;

‘this will be referred to as version 1. However for larger m and/or

a preconditioned matrix A with a large condition number, the
matrix [vy, Avy, ..., A™v;] will be so poorly conditioned that
orthogonalization with the MGS algorithm will not produce a
set of sufficiently orthogonal v; and consequently will result in
jan inaccurate representation of Hy,,. Therefore the v; might
‘be generated as follows:
doi=1m

Biy1 = 05 — di Ady, ( 0, = )
where the d; are parameters, which should be chosen in such a
way that the condition number of the matrix [vy,0s,...,0m41]
is sufficiently small. This will be referred to as version 2, The
computation of the d; can be based, for example, on the eigen-
values of H,,,;. The exact computation of these parameters is
however outside the scope of this paper.

Computational and Communication
Costs of GMRES(m) and modGMRES(m)

The total computational costs will be expressed in terms of the

timings of the main computational kernels. The computational
costs for GMRES(m) on each processor are given by:

cp
Cgmru

1 1
—2-(m2 + 3m)Tgao; + é(mz + 3m)Tgazpy +
(m + l)Tdacnl + (7ﬁ + 1)Tmat +

(m + I)Tprcc + T‘lincau (1)



1
L (m < 3m) s+ 57 + 3 Tty +

(m + l)Tdscal + (m + 1)Tmu( +
(m“+ I)Tprcc + Ttincon + Thc.n(m) (2)

mgm,1

and for version 2 by:

1 i
Crcnpgm.Z = '2'(m2 + Sm)Tddot + §(m2 + sm)Tdarpy +

(m + I)Td:cal + (m + I)Tm“‘ +
(m + I)Tprec + tI.‘It'ru:on + The“(m) (3)

where lincon is the routine that checks whether convergence is
reached and hess is the routine that computes H,,4i in modGM-
RES(m). The communication costs for GMRES(m) are given
by:

1
Comres = 5(m* +3m)Tuccoum (4)
where acesum is a Fortran routine that sends one number
to Occam, waits for Occam to accumulate the values over the
processor grid and receives back the global result. The commu-
nication costs for modGMRES(m) are given by:
cmoo=

mgm

2mTacc: + 2"nTar:cAr + Touh(m) + Tnoc (5)

Tovh (m) = 2mTc + %szqn (6)

where T, indicates the time overhead measured in the daxpy’s
and ddot’s which overlap the accumulation, T, is some constant
time and T,,, gives a time increase per number. T, indicates
the cost of non-overlapped communication/accumulation.

Results
The GMRES(m) and the modGMRES(m) method were com-
pared simulating a real reservoir for a large number of iterations.

As the simulation had to be done on a fairly small machine (1
master and 24 gridnodes), whereas the modGMRES(m) method

will only be really advantageous on a relatively large processor
grid, involving 100 or more processors, a small reservoir was
simulated on a 1D (line) processor grid. This gives 24 communi-
cation steps for accumulating a distributed value over the grid,
which compares to a processor grid of some 150 processors. The
‘number of unknowns in this problem was 2138, which gave a
maximum of 105 unknowns on a processor. With an average of
some 90 unknowns per processor and 150 processors this com-
pares to a reservoir with about 13500 {active) gridblocks, which
is a medium scale reservoir model. This produced the following
average timings on the busiest processor:

| computational | time || communication | time
costs | (ms) ‘costs {ms)

I - 0.30894 || Tocerum 1 0.69041 |
T adot 0.24707 || Tuces _[ 016000 |
L T 0.12354 || 7. ~10.06400 |
T | 28251 | 1. 0.35625 |
b T e 24320 | Topn 1016293
Tlincon 3.0336 [ T,.. ' 6.9964 |
Thess(10) — 171.2060 | B
Thess(20) 1 7.4160 ]
Thess (50) 96.046 [ - ]

Inserting these timings in (1) and (4) for GMRES(m), in (2), (5)
and (6) for modGMRES(m) version 1, for m = 10 or 20, and in
(3), (5) and (6) for modGMRES(m) version 2, for m = 50, leads
to the following tables:

| m time (ms) - j;_rtfm?ﬂ"f’_"

l " modGMRES(m) | GMRES(m) | (%)

1o T126.12 'ﬁS'E_”"-"liJ*_J
20 | 31343 385.91 25

I_j“‘.ﬁ 13902 | 18323 [ _ggj
[m [ efficiency (%) ]

modGMRES(m) | GMRES(m}

fro|” 66 1 60 |

| 20 66 ; 54 I

Bl — & — T o |

These theoretical efficiency figures are based upon the model de-
scribed above, with 13500 grid blocks, a processor grid of 150
processors and one master processor. The number of commu-
nication steps for accumulating a distributed value is 24 and
the maximum number of blocks on a processor is 105. Further-
more communication costs, other than in the global accumu-
lation of distributed values, are neglegible. For GMRES(10),
GMRES(20), modGMRES(10) and modGMRES(20) the overall
timings were also determined experimentally on the busiest pro-
cessor, which leads to the following table, containing the average

time per iteration:
time diif.]
S ] %
3

i | modGMRES(m) | GMRES(n o -
o T 126.09 13713 9
[20] — S1as58 | 8304 | 22 |

From these tables it is obvious that the modGMRES(m) method
can yield a substantial improvement in time per iteration. Fur-
thermore, for these simulations, there was no difference in the
total number of iterations between GMRES(m) and modGM-
RES(m). With respect to the (theoretical) parallel efficiency,
it can be seen that, for increasing m, the decrease in efficiency
of modGMRES(m) is much less than for GMRES(m). This is
explained by the fact, that the communication costs increase ex-
ponentially with m, and these are much higher for GMRES(m)
than for modGMRES(m).

n m time (r_rg)
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