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The Jaco]oi-Davi(lson Alg’orithm

Linear eigenvalue pro]olem: Ax = 7x

Orthonormal basis for search space: Vi Wk =AVi; Hr = ViWi - (9,5)
Ritz pair: (3,u) where u = Vis and residual rx = 4u - Su

Solve: (I- uu*)A-9NI-uu*)t=-r, tlLu

t=I- ViVOUIU - ViVl

Vier = [Vi|t]l;  Win = [Wi|At; His1 = Vi Wi

Continue
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Two Potential Problems

Problem I.

Let [s]S¢] be unitary matrix, Ag =A- 9l,

Let S:ViAsViSe = SiHiS. - 91 be ill-conditioned.

So (rel) small pertur})ation yielcls Hy with double eigenvalue 9, and

Corresponding eigenvector s cannot be computecl to high accuracy.

This arises in cases where no other eigenvalues of A close to 9!

Second eigenvalue (close to ) 9 is spurious eigenvalue. Stagnation.

Problem II.

We solve correction equation to extend our search space.

Solve: (I- uu*YA-3NU - uu*)t=-r, t1iu
But solution is very close to search space: |(I- ViVl < llell,

The resulting vector (I - ViVi)t contains mainly noise and will not

provicle an effective extension to the search space. Slow convergence.
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Spurious Eig’envalues
[et [s|Sc] bhe unitary and SeHSc - 91 = QY™ and W1/Wk-1 1arge.

(S HS: - 3D wi-1ll2 = wk-1

So, small (rel.) per‘cur]:)a’cion of H; has multiple eigenvalue 9.
Eigenvector s of Hy associated with § is ill-conditioned and is typicaﬂy
not compu’ce(l to high accurracy: The method stalls.

The problem ac’cuaﬂy gets worse as the search space grows.

Main cause in ]D 1s Ag 1s ill-conditioned over range(VkSc).
Either, because 4 is iH—conditioned, which doesn’t mean x 18, Or

approx. eigenvalue is more accurate than approx. eigenvector or v.v.

Another possi]:)ili’cy, AsViSe 1s not iﬂ-conclitionecl, but for some y we
have AsViSey L ViSe. When this happens, the method staﬂs, but the

prol)lem may go away as the search space grows.
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Spurious Eig’envalues

Solu’cions:

I Refined eigenvectors (Jia'95): s = arg miny[[(4 - S)Viy I,
For Arnoldi (IRA) reduces to SVD for Hessenl)erg matrix, but ...
This is not generally possiue here! Expensive to do for n xk system.

For D, vectors in Vi do not span a Krylov space, so in general
range((A - 9)Vi) & range([Vk v]). No way to make SVD cheap.

| Consider S{Vi(A - SDViSc = SEHS - 91 = DQY
If wi/wr1 > tolq, select 1argest Wik, """ Wk, such that Wk, /wk, <tol>.
Then S =[s|Scwi, "Sewi,l; V=ViS; W=WiS: H=S*H;S;
Cheap implementa‘cion using Givens rotations (O(Nk)).
Needed only few times in entire solve, whereas refined eigenvector

requires n Xk SVD at every step.
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Spurious Eig’envalues

From paper Jia&Stewart (applied to our case) we know:
Ritz value 9 converges unconclitionaﬂy,
Ritz vector u = Vs converges if 3¢ Wk-1 = O'min(SngSc -91)>¢>0.

So aclap’c sequence of sul)spaces such that we maintain same
converging Ritz value and that we lzeep the corresponcling Ritz vector

Suﬁicien’cly well-conditioned.

This dives criteria when and how to truncate for chosen tolerance.

o Y IHcl, ol
For computed §: 115 - sll, € s émach, hence we want “m - < T

where 10l is required accuracy (residual) and Y provicles a margin.

. |Hy |l > w1 tol
If 9 not largest elgenvalue or < w1 we use “wr1 = Ot < Temach-

Also consider lIr |, to ju(lge effect of iﬂ—condi’cioning and lrsll, < lIrll,.
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Poor Extension of Search Space

Solu’cions:

.

Compute AusViSe = OR; now compute Cp, L QO
c1=(-r+Q0"nlp; p=I-r+00|

AusCmn =00*A,3Cp + Cm+1Qm

Solve ¢ = ViSey1+ Cmy2 such that [|-r- Austl minimal

I1.

We want to generate Krylov space or’chogonal to Vi:
ci=-rllrl  and  AC, =ViViAC, + CnnG

Let t=ViSey1+ Cny2

Solve -r- (I- uu™Ag(l - uu*)t L Aus[ViSe|Coml

Expensive (orthogonalization), but only at few iterations.
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Re sults

Problem 1:
A =SDS !, where D = diag((k/100)* - 0.8), k =1...100, and
S 1s ]oi(liagonal with 0.8 on cliagonal and 1 super diagonal.

smallest absolute 1 =-0.0079 (interior). 10 steps of GMRES for
correction equation. Problem from Sleijpenfffv/ dVorst with scaling to

make prol)lem non-symmetric.

Problem 2:

- Uy - Uy +20uy - 30u, =0 on unit square with Dirichlet b.c.
x=0,y=1l:u=landx=1,y=0:u=0. 22x22 gri(f[.

20 steps of GMRES for correction equation.

Problem 3:
WestOéTQ; solve for J ~ (-17.825,-4.6376). 20 steps of GMRES for

correction equation.
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Results (pro]alem 1)
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Results (pro]alem 1)

Using refined eigenvectors (expensive)
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Results (pro]alem 1)

]acobi—Daviclson with truncation for well-cond. eigenvector
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Results (problem 2)

JD with orl:hogonaliza‘cion uses method 1 at every step
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Results ( pro]alem 3)

Standard ]aco]oi-DaVi(lson
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Results ( pro]alem 3)

JD with orthogonaliza‘cion (me’chod 1) only when necessary
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Results ( pro]alem 3)

]aco]:)i-DaVi(lson with refined eigenvectors
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Conclusions

@ The JD aigoritilm may suilcer from siow convergence (2 pro]oiems):

¥= Spurious eigenvalues due to iii—conclitioning shifted operator over

search space
¥ FExtension/solution to correction equation close to search space

Truncating to improve con(iitioning of Ritz vector works very Weii;
cheaper than refined Ritz vector in context of JD method.

Preliminary tests: iaster convergence ’cilan reiine(i eigenvectors anci

smaller residual.

Teeilniques to improve in(iepen(ience of correction equation soiution

leads to faster convergence

Both strategies should be appiie(i oniy iteration-wise when needed (ior

etticiency).

= = = = =

Combine strategies Witil refined eigenvec’cors?

©2000 Eric de Sturler




