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Truncation: why and how (not)

e Full GMRES/GCR too expensive in general: memory / work

e GMRES-Ilike method, close to optimal with limited resources

 Standard strategies: restart GMRES(m), all previous info lost
truncate GCR(m), oldest vectors removed

* VERY CRUDE!

e Better to make some compromise: GMRESR / GCRO / FGMRES
eventually these methods still need some truncation

e How to truncate:

e careful select what to keep
* don't think about vectors, think about spaces
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(truncation: why and how (not))

How to select the subspace to keep?

1. Make assumptions on system (normal, nice spectrum): restrictive
2. No assumptions, only use information from iteration process

® No general convergence theory for GMRES (GCR)

® Worst case exists : bad spectrum
non-normality

® Optimality is obtained through orthogonality: the old 'search space’
(after making update) is used only to maintain orthogonality.

® So importance of a subspace is determined by its contribution to
maintaining orthogonality
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GCR and nested methods

GCR: Ax=Db
=b-Ax,;i=0 after k iterations:
while 2 r; 2 > tol
i =i+l range(U,) = Kk(A r,)
U =T 5 6= Ay AU =Gy C.'C,=1
u =< (y;-U;,Cp,'c) M= (I'CkaH)fIO
¢, =<, (I-C,C e X, =X, + UCry
I =i -6 ciHri
X; =X W 6Ty

GMRESR: replace u, =r, ; by GMRES approx. sol. of Ae,, =r,,
Ignores orthogonality / optimality w.r.t. range(C,,)
GCRO: maintain orthogonality; use (I-C,,C.,")A for inner iteration



Neglecting Orthogonality & Generalized Truncation

range(Q) ( N r Z range(C), CHC=1
b=CC"b + QQ"b V=CC'"V+QRY QR=V-CB
......................... _ r, = ({-QQ"r
) \\ \ T=QQ"b |e =Q KI+K)"' Q%r - C ZA+K)' Q"r
€Q
e = e,tec )
vaﬂ%e&
Yo
. . -
CC"p — range(C)
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(neglecting orthogonality & generalized truncation)

V=CB+QR=CC"V + QQ"V
I'opt = (I - QQH)r
e = Q K(I+K)" Q"r - C Z(I+K)" Q"r

Z=BR'=X,E, Y,', K=7"Z <. =yHQUy

min(k,m) » < E2 Y

e=.E (li Qy; - — CXi) 2e2 "

a i=1 1+Fi2 e
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(neglecting orthogonality & generalized truncation)

[T*T,] unitary and rank([T*T.]) = rank(C), = V=[CT*V] and C = [CT|]
Z=BR'=[0*T " Z] = [0*T " X,G,Y,"]
Select T." so that singular values of Z. minimal:

. " _ . .
dim ;Il :{Ilp( m?)é( WLt ) o Fp+1 and S= Span{xp+l 'Y Xk}
Imoy=k-p u

Set T, = X, X2 Y Xl Y T=[x, Y X ]

"E (5 @ - ™) 2" 4 E

i=ptl

1+F?
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GMRES(m) Analysis & Selecting a Subspace
GMRES: Awm = m+1ﬁm = m+1Qmﬁm = Wm+16mRm

How would convergence have been after restarting after s < m iterations?
What was influence on later iterations of orthogonality against range(AW,)?

r,.=W,_.D, withD, =(-Q,Q")2r2e,

C, : orthogonal basis for rangeAW) 1 C.=W_. Q.
V. : any basis for AK™(A,r) =W, . H K™ (H,,D)=V.
Q, : orthogonal complement of C, in range(AW )

[CJQ]=W,,.,Q,

i B, |
1. difference between optimal residual r , and residual after restart
2. important vectors for setting V 'orthogonal' to C (useful to keep)

Q."V,=
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(GMRES(m) analysis & selecting a subspace)
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GCRO with Optimal Truncation

Outer method: U, , C, such that
AU, =C, C.'C, =1, (ct. GCR)
Iy =I-C,.CH x, = UC'b

Inner GMRES (optimal solution over range(U,) I range(V,)):

AV_ =CB, +V,_ . H, where B_ = C "AV_
(I-CkaH)AVm = Vm+1Hm

y = arg min **r, -V, H_y**
Mg =T - Vm+1Hmy
Cirt = Vi Hpy = (I'CkaH)Ame

Uy = A-IVm+1Hm = A_I(I'CkaH)Ame =V,.y - UkaHAme
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(GCRO with optimal truncation)
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(GCRO with optimal truncation)
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Conclusions and Future Work

® Almost optimal convergence with very small number of vectors

® Minimizing over selected subspaces of very small dimension works better
than GMRES(m) with large m

® Methods seems to select right subspaces to keep
® Initial tests indicate comparable or better than Morgan’s Augm. GMRES

® Method insensitive to small changes in parameters, and gradual
improvement for increase in number of vectors

® Theoretical implications / Analysis

® More flexible and adaptive algorithm; theory / heuristics
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Lattice QCD

> 4D Space-time lattice, particles move in 4 directions and chang’e color 3 colors)
> Matrix looks like a 4D Laplacian where each off-(liag'onal clement is replace(l l)y 12x12

(ran(lom) unitary matrix (complex).
> These unitary matrices are different for each off—diag’onal element: no smoothness.
> A = (I-kM), with parameter K; most interesting case when A almost sing’ular.
> Eig’envalues of M uniformly distributed in (lznown) ellipse (depending’ on other parm).
> We need to solve for multiples of 12 rig’ht hand sides (sometimes consecutive).

Use U and C matrices (approx. inverse) from previous iteration(s) to sPee(l up convergence.

To solve Ax(k)=l)(k) we set
XO=UC*1) an(l To=— (I-CC*)]:)

Iterate with method described (continuing truncation).



Lattice QCD

GCROT for 12 consecutive rig’}lt hand sides
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Jacobi-Davidson

Given Vlg; \712*\]12 - I]2 ;Wk:AVIQ; H12=V12*W12 6 eig’enpair (qk,sk) 6
Ritz pair ( Qk,uk), 1112=V12512= 1‘1g=Aulz-CIlJt11z — (A - QkI)uk

Extend the search space and compute better approximate eigenpair
Solve: (I-ww,*)(A - quJ) T-apuw ) t=-r, tZu,

t = (I-V.VI)Y2(I-VL V)2, Vi =[Vi|t]; Wi =W, |At]; H.. =V "W
> Condition number of (T-uyu*)(A - quT) (T-upu,*)?

> Angle p(t,range(V1.S.))? Extension of space range(V,)?

> Repeatecﬂy solving’ 'almost' same system (chang’e (O, 1))
> Efficiency/Stability



Jacobi-Davidson

logmllrllz

-10

-12

Interior eig’envalue of West0479 near (-17.825,-4.6376)

Stana]arcl]acolvi—Davia[son

JD with truncation and ortllogonalization

20 40 60 80

number of Jacol)i-DaViclson iterations

100



